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NOMENCLATURE 

distance of point source from reacting surface 

[cm] ; 
diffusion coefficient [cm’ s-r] ; 
exponential integral. equation (19); 
integral defined by equation (14); 
Bessel function of first kind and nth order; 
rate constant of surface reaction [cm s- ‘1; 
function defined by equation (12) ; 
parameter in Laplace transform. equation (15) ; 
strength of point source [mol s-i] ; 
dimensionless radial coordinate. equation (1) ; 
radial coordinate [cm] ; 
fraction of reactant consumed by surface reaction ; 
integration variable ; 
dimensionless reaction rate. equation (1) ; 
reaction rate [mol cm-’ s-r]; 
dimensionless concentration, equation (1); 
concentration [mol cm-‘]; 
dimensionless axial coordinate. equation (1) ; 
axial coordinate [cm]. 

Greek symbols 
K. dimensionless rate-constant parameter. equation 

(4); 

:: 
integration variable. equation (9) ; 
integration variable. equation (16); 

tl. auxiliary variable. 

Subscripts 
0. solution for K = 0; 
co. solution for K = co ; 
S. surface ; 
1. defined by equation (7). 

* This work was sponsored by Project SQUID which is 
supported by the Office of Naval Research, Department of 
the Navy, under Contract Nonr 3623(00), NR-098-038. 

THE PRESENT analysis was carried out in connection with an 
experimental study of the heterogeneous reaction of metal 
vapor and oxygen at the surface of growing metal-oxide 
deposits [l. 21. Although the intended application of the 
analysis to the experimental work was not successful. as 
discussed briefly later on. the analytical results may be 
applicable for other experimental situations. 

The model adopted for analysis consists of a point source 
of constant strength Q. from which reactant diffuses to an 
infinitely extended plane surface at a distance d from the 
source. The infinite half-space containing the source is 
filled with inert stagnant gas through which the reactant 
diffuses with constant diffusivity D. On the surface. reactant 
is consumed by first-order reaction at the rate W = kY,. 
where k is the rate constant and Y, the concentration of 
reactant at the surface. A steady-state solution for the 
concentration Y within the half-space. and in particular for 
Y, is sought. 

For reasons of axial symmetry. it is convenient to intro- 
duce a cylindrical coordinate system Z. R. with the point 
source located at Z = d. R = 0. and the reacting surface 
given by Z = 0. Furthermore. the following dimensionless 
variables are substituted : 

z = Z/d 
(1) \ , 

y = (4xDd/Q)Y w = (4nd*/Q)W. 

The problem reduces to finding a solution y(z. r) of Laplace’s 
equation 

a3 1 ay a2y 
s+;z+a,2=0 

which has the appropriate singularity at the point (1. 0). 
remains finite for r --t co. z + co. and satisfies the boundary 
condition 

a(r) = (8y/~Tz),=, = KY(O. r). (3) 
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In dimensionless form. the problem thus depends on the 

single parameter 

K = kdJD (4) 

which determines the relative importance of reaction and 

diffusion effects on the rate [3]. Solutions for the limiting 

cases K = cc (complete diffusion control) and K = 0 

(complete reaction control) are readily obtained by the 

method of placing a mirror-image source at (- 1. 0). A 

positive image source yields the solution 

y0 = [(z - I)2 + rZ]-* + [(z + 1)Z + r”] -* (5) 

which satisfies (3) for K = 0. With negative image source. 

one obtains the solution 

L‘7. = [(z - 1)Z + r”]-* - [(z + 1)Z + r’] 5 (6) 
that vanishes at z = 0 and thus satisfies (3) for K = 7~. At 

the surface. these expressions yield ~~(0. r) = 2(1 + r2)-* 

and w,(r) = 2(1 + r*)-‘. 

The general solution for arbitrary values of K is most 

conveniently expressed as the linear superposition 

y(z, r) = y,(z, r) + yi(z, r). (7) 

Since y&z, r) has the required singularity at (1.0). y,(z, r) must 

satisfy Laplace’s equation without singularity in the half- 

space z > 0. subject to the boundary condition 

(8y,/dz),,, - KY,@. r) = KJ’,(o. r) (8) 

Separating variables in (2) and requiring the solution to 

remain finite for z + J- one obtains the general solution 

YI(Z. r) = 7 M(1) em Ai J,,(2) dl. 
0 

(9) 

Substitution of (5) and (9) into the boundary condition (8) 

yields the expression 

- [ (i. + K) M(i) J&b+) dl = 2K( 1 + r’) 1 (10) 

from which MO,) must be determined. Introducing the 

orthogonality property of the Bessel function 

* 

s r J,(l.‘r) J,(h) dr = i 6(1’ - 2) 

0 

one obtains 

M(I) = - ZKi.(i + K)-’ i r(1 + rz)-* J&r)dr (11) 
0 

With the use of a tabulated integral transform [4] this 

expression may be evaluated. with the result 

M(1) = - 2K(A + lc-1 e- “. (12) 

Substitution into (9) yields 

y(z. r) = y,(z. r) - 2Kl(z. r) (13) 

where 

I(z.r) = j (i + ti) ‘ em”‘*“J,(/:r)dr (14) 
0 

By making use of the Laplace transform 

i e-lP.l,(ir)di. = (r’ t $1 ! (15) 

it can be demonstrated that (13) converges towards the 

limiting expressions y,, for K --) 0 and 15, for K 4 Y These 

proofs will not be presented here. 

The integral Z(z. r) may be transformed by substituting the 

identity 

(Ih! 

reversing the order of integration. and using (15) One 

obtains in this way 

/(z. r) = r [r’ + (1 + 9 -t c’l’] -* e--‘i d< f 17) 
0 

A closed-form expression for the general solution (17) has 

not been found. For the special case r = 0. elementary 

substitutions yield the expression 

J’(Z.0) = - 2Ke”“+“,?,[K(l + Z)] 

2(1 - 22))’ 0 < z < 1 

+ 22(zZ 
i 

- 1)-i 1 i z < X t 18) 

where E,(x) is the tabulated exponential integral [S] 

defined by 

E,(x) = 7 t-iem’dt. t 191 

An asymptotic expansion of I(0. r) for large values of ti 

was obtained by repeated use of integration by parts. The 

corresponding expression for the surface concentration is 

y(0.r) = 2K-‘(1 + r*))*[l + K- ‘(r’ --- 2)(r’ + 1) ’ 

- Km*(9r* - 6)(r2 t- 1) -’ - 0(K-3)]. (20) 

This expression also converges rapidly for moderately large 
values of K and large values of r. Equations (18) and (20) 

were used as checks on the numerical results presented 

below- 

Numerical evaluations were performed only for the 

concentration at the surface ~(0. r) and the corresponding 

rate w(r). For z = 0, Equations (13) and (17) may be further 

simplified. by making use of the boundary condition (3) and 
the relation (ay,/az),,, = 0. One obtains in this manner 

the expression 

d0.r) = - 2(aliaz),,, = 2j (5 + II 
0 

x [r’ + (5 + l)z]-‘e-“‘d5. (21) 
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For the numerical evaluation of (21). the differential equation 

drl/dx = 2(x + 1) [r2 + (x + l)2]-+e-rx (22) 

was integrated on the Laboratory IBM 7044 computer by 
the fourth-order Runge-Kutta method. A variable step size 
was chosen so that the relative increment Aq/r~ remained 
smaller than 10e4. The integration was terminated at the 
upper limit x = 69 K-I. Since the integrand is always 
smaller than eerx. the error due to neglect of the remainder 
of the integral was less than that incurred by truncating the 
integral 

which. at the same upper limit. is 01 per cent. 
Results of the computation are presented in Table 1 and 

in Figs. 1 and 2. The influence of the parameter K on 
dimensionless concentration and rate shown in Fig. 1 may 
be subdivided into the effect on the values for r = 0 and 
that on the dependence on radial distance r. The latter effect 
is shown separately in Fig. 2 by a plot of relative values 
w(r)/w(O), which demonstrates the gradual transition from 
the (1 + r’)-’ dependence for reaction control to the 
(I + r’)-* dependence for diffusion control. 

The division into these two effects was used in a com- 
parison of the analysis with experimental results obtained 
by the method of [l]. In this manner. two independently 
determined values of K were derived for each experiment; 
one was obtained from the dependence of the reaction rate 
on radial distance from the center of the oxide deposit. the 
other from the ratio of actual to completely diffusion- 
controlled rate at the center. In contrast to earlier measure- 
ments at a total pressure of 05 torr. which indicated com- 
plete diffusion control [l]. the results obtained at lower 
pressures showed that a regime of transition from diffusion 
to reaction control had been attained. However. the two 
independently derived values of x did not agree well with 
each other, and. moreover. they did not vary with chamber 
pressure in the theoretically expected manner. In view of 
these inconsistencies which were attributed to the neglect 
of the influence of convective transport, this comparison 
will not be discussed further. The results of the analysis 
should be useful. however. under experimental conditions 
for which the neglect of flow effects is justified. 

To conclude the discussion of the analytical results, an 
interesting property of the solution (21) is derived. It is 
obtained by computing the fraction of reactant issuing from 
the point source that is consumed by surface reaction. This 
fraction is given by 

s=Q-i~W(R)2nRdR=f&(O,r)rdr. (23) 
0 0 

Substituting (21). reversing the order of integration, and 

FIG. 1. Dimensionless reactant concentration at the surface 
and dimensionless reaction rate vs. rate parameter. 
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setting rZ = 4. one obtains 

s = - ~7 emKc(5 + l)[q + (r + l)‘]-* 7 d{ = 1. 
0 Ii=0 

(24) 2. 

Thus. the reactant is consumed completely at the surface. 
for any arbitrary value of K. This result is. of course. meaning- 
less for K = 0. 3. 
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FUNCTION IN CONDUCI’ION AND CONVECI’ION 
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A, 
a, 
b, 
G 
c, 
- Ei( - u), 

Epb), 
x 
9, 
G,, 
i” erfc q, 
J, 
K, 
k, 
n, 
P> 

NOMENCLATURE 

coefficient ; 
profile parameter, function of n ; 
profile parameter, function of n ; 
coefficient ; 
specific heat ; 
exponential integral ; 
general exponential integral ; 
coefficient ; 
variable ; 
function related to exponential; 
mth repeated integral of the error function; 
coefficient ; 
coefficient ; 
thermal conductivity ; also, running index ; 
exponent ; 
general function ; running index ; 

4i. 

T, 
r, 
4 

UO, 

x, Y, s, 
pro, 

ith generalized coordinate; ql, surface tem- 
perature; q2, penetration depth; 
arbitrary constant temperature; 
time ; 

exp (a + brl); 

exp a; 
space coordinates ; 
dimensionless temperature profile approxi- 
mation. 

Greek symbols 

u, thermal diffusivity ; 
P> profile parameter; 
W + 4. gamma function; 
s, an arbitrary small number; also, profile 

parameter; 
% general variable ; 


